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Pr oblem 1. Calculate the norms of the following operators:
(a) f ∈ L ∞ [0, 1], M f : L 2[0, 1] → L 2[0, 1], (M f g)(x) = f (x)g(x).
(b) g ∈ C[0, 1], Tg : C[0, 1] → C, Tgx =

∫ 1
0 g(t)x(t) dt.

Pr oblem 2. Show that the convolut ion f ∗ g(x) =
∫

f (x − y) g(y) dy of two funct ions
f , g ∈ L 1(R) is well-defined for ‖ f ∗ g‖ 1 ≤ ‖ f ‖ 1 ‖ g‖ 1.

Pr oblem 3. Show that every bounded sequence in a Hilbert space has a weakly conver-
gent subsequence.

Pr oblem 4. A linear operator T ∈ B (H ) achieves its norm if there is a unit vector
x ∈ H such that ‖ T ‖ = ‖ Tx‖ . Give examples of bounded self-adjoint operators that do
not achieve their norm and
(a) have an orthonormal basis of eigenvectors,
(b) does not have eigenvectors.

Pr oblem 5. Let H be a Hilbert space and K ⊆ H be a convex subset . An element x ∈ K
is called an extreme point if for all x0, x1 ∈ K and for all λ ∈ ]0, 1[

(1 − λ)x0 + λx1 = x =⇒ x0 = x1 = x.

(a) Show that every unit vector is an extreme point of the unit sphere BH (0, 1).
(b) Show that every isometric linear operator V ∈ B (H ) is an extreme point of the unit

sphere BB (H )(0, 1).

Pr oblem 6. Let H be a Hilbert space with scalar product 〈 ., .〉 and A ∈ B (H )+ a posit ive
semi-definite linear operator. Show the following:
(a) that

〈 x, y〉 A := 〈 Ax, y〉
defines a posit ive semi-definite sesquilinear form,

(b)
‖ A‖ = min{ a ∈ R | A ≤ aI } ,

(c) the inner product 〈 ., .〉 A is posit ive definite if and only if ker A = { 0} ,
(d) in the case where ker A = { 0} holds, the induced norm ‖ x‖ A = 〈 Ax, x〉 1/ 2 is equivalent

to the original norm ‖ x‖ = 〈 x, x〉 1/ 2 if and only if A has a bounded inverse,
(e) Let A beinvert ibleand T ∈ B (H ) beanother operator with adjoint T ∗ . Find a formula

for the adjoint of T with respect to the scalar product 〈 ., .〉 A .
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